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Abstract. The Laplacian spread of a graph is defined as the difference between the
largest and second smallest eigenvalues of the Laplacian matrix of the graph. In this paper,
bounds are obtained for the Laplacian spread of graphs. By the Laplacian spread, several
upper bounds of the Nordhaus-Gaddum type of Laplacian eigenvalues are improved. Some
operations on Laplacian spread are presented. Connected c-cyclic graphs with n vertices
and Laplacian spread n− 1 are discussed.
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1. Introduction
Let G be a simple graph with n vertices and m edges. If m = n + c − 1,
then G is called a c-cyclic graph. Let A be the adjacency matrix of G and D =
diag(d1, d2, . . . , dn) the diagonal matrix of vertex degrees. The Laplacian matrix
of G is defined as L = D − A. The spectrum of G is the spectrum of its adjacency
matrix, and consists of the values λ1 > λ2 > . . . > λn. The Laplacian spectrum of G
is the spectrum of its Laplacian matrix, and is denoted by µ1 > µ2 > . . . > µn = 0.
The spread of a graph G is defined as
S(G) = λ1 − λn.
For details see the recent papers [10], [18], and the references quoted therein.
It is well known that L is symmetric and positive semidefinite and µn = 0. In
particular, µn−1(G) > 0 if and only if G is connected. Fiedler [8] called µn−1(G)
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(or α(G)) the algebraic connectivity of the graph G. The Laplacian spread [6] of
a graph is defined as
LS(G) = µ1 − µn−1.
Fan et al. [6] showed that the star Sn and the path Pn are respectively the trees
with the maximal Laplacian spread and the minimal Laplacian spread among all trees
of order n. Recently, the unicyclic graphs with maximum Laplacian spread [15], [1]
and minimum LS-value [24] have been studied. The maximum Laplacian spread of
bicyclic graphs [7], [16] and tricyclic graphs [2] of given order have been reported.
In this work, we present some results about Laplacian spread of graphs. In Sec-
tion 2, several lemmas are listed. Bounds of Laplacian spread of graphs are considered
in Section 3. By the Laplacian spread, in Section 4, we show improved results on
Nordhaus-Gaddum type Laplacian eigenvalues. In Section 5, we discuss some opera-
tions on graphs and Laplacian spread. Section 6 presents a question on the maximal
Laplacian spread of connected graphs with n vertices and the extremal graphs. And
we discuss connected c-cyclic graphs with Laplacian spread n − 1 and n vertices.
It is well known that µ1 6 n. By the definition of Laplacian spread, we have
Proposition 1.1. Let G be a graph with n vertices. Then
(1) LS(G) < n.
If µn−1 = 0, then G is disconnected. Let p be the number of components of G.
Proposition 1.2. Let G be a disconnected graph with n vertices and p compo-
nents (p > 2). Then
LS(G) 6 n − p.
P r o o f. Note that µn−1 = 0. Then LS(G) = µ1 = max{µ1(C1), . . . , µ1(Cp)} 6
n − p, where Ci (i = 1, . . . , p) are the components of G. 
In what follows, we only deal with connected graphs with n vertices (n > 3).
2. Preliminaries
Let δ and ∆ be respectively the minimum and the maximum degree of G. Denote
by G−e the graph that arises from G by deleting the edge e. A noncomplete graph G
has constant µ = µ(G) if any two vertices that are not adjacent have µ common
neighbors. A graph G has constant µ and µ if G has constant µ = µ(G), and its
complement G has constant µ = µ(G). In [5], the authors defined the restricted
Laplacian eigenvalues of a connected graph as the nonzero Laplacian eigenvalues.
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Lemma 2.1 ([5]). Let G be a graph on v vertices. Then G has constant µ and µ if
and only if G has two distinct restricted Laplacian eigenvalues θ1 and θ2. If so then
only two vertex degrees k1 and k2 can occur, and θ1 + θ2 = k1 + k2 + 1 = µ + v − µ
and θ1θ2 = k1k2 + µ = µv.
Lemma 2.2 ([8]). Let G be a graph with n vertices and algebraic connectiv-
ity α(G). Then α(G) > 2δ(G) − n + 2.
Lemma 2.3 ([12]). Let G be a graph with at least one edge and maximum vertex
degree ∆. Then µ1 > 1 + ∆ with equality for a connected graph if and only if
∆ = n − 1.
Lemma 2.4. Let G be a connected graph with n vertices (n > 3). Then
µ1 = . . . = µn−2 > µn−1 > 0 if and only if G ∼= Kn − e.
P r o o f. Suppose that µ1 = . . . = µn−2 > µn−1 > 0. By Lemma 2.1, G has two
degrees k1 and k2 with multiplicities n1 and n2 (n1 +n2 = n), respectively. Without
loss of generality, let k1 > k2. By Lemmas 2.2–2.3, we have
(2) 2m = n1k1 + n2k2 = (n − 2)µ1 + µn−1 > (n − 2)(k1 + 1) + 2k2 − n + 2,
i.e.,
(3) (n − n2)k1 + n2k2 > (n − 2)(k1 + 1) + 2k2 − n + 2.
Then inequality (3) transforms to
(4) (n2 − 2)(k2 − k1) > 0.
Note that k1 > k2. Thus inequality (4) holds if n2 − 2 = 0 or k1 = k2.
Claim. k1 6= k2.
Assume that k1 = k2, then (n−2)µ1 +µn−1 = nk1, i.e., µn−1 = nk1− (n−2)µ1 6
nk1 − (n − 2)(k1 + 1) = 2k1 − n + 2. By Lemma 2.2, we have α(G) = µn−1 >
2δ − n + 2 = 2k1 − n + 2.
Then µn−1 = 2k1−n+2 and (n−2)µ1+2k1−n+2 = nk1. We have (n−2)(µ1−1) =
(n − 2)k1 and µ1 = 1 + k1. By Lemma 2.3, k1 = n − 1 and µ1 = n. Then
µn−1 = 2k2 − n + 2 = 2k1 − n + 2 = 2(n − 1) − n + 2 = n. Hence G ∼= Kn. Note
that Kn has Laplacian eigenvalues µ1 = . . . = µn−1 = n, but G has the Laplacian
eigenvalues µ1 = . . . = µn−2 > µn−1 > 0, a contradiction.
Hence n2 = 2 and n1 = n − n2 = n − 2.
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By (2), µn−1 = (n − 2)(k1 − µ1) + 2k2 6 (n − 2)(−1) + 2k2 = 2k2 − n + 2. By
Lemma 2.2, µn−1 > 2k2−n+2. Then µn−1 = 2k2−n+2 and (n−2)µ1+2k2−n+2 =
(n−2)k1 +2k2. We have (n−2)(µ1−1) = (n−2)k1 and µ1−1 = k1. By Lemma 2.3,
k1 = n−1 and µ1 = n. Then G has the maximum degree n−1 (n−2 times). Hence
G has Kn − e as an induced subgraph. Note that k1 6= k2. Then G ∼= Kn − e.
Conversely, the characteristic polynomial of L(Kn − e) is λ(λ−n)n−2[λ− (n−2)].
Then µ1 = . . . = µn−2 = n > µn−1 = n − 2 > µn = 0. 
Lemma 2.5 ([26]). Let G be a graph with n vertices. Then µ1 = µ2 = . . . =
µn−2 = µn−1 if and only if G ∼= Kn or G ∼= Kn.
We need some properties of the Laplacian eigenvalues. For more details, see [20].
Let G (or Gc) be the complement of the graph G with n vertices. The Laplacian
eigenvalues of G are n − µn−1, n − µn−2, . . ., n − µ1, 0.
Lemma 2.6. Let G be a connected graph with n vertices. Then µ1 > µ2 = . . . =
µn−2 = µn−1 > 0 if and only if G ∼= Kn, G ∼= K1,n−1, or G ∼= Kn/2,n/2.
P r o o f. Suppose that µ1 > µ2 = . . . = µn−2 = µn−1 > 0.
There are two cases:
Case 1. µ1 = µ2 = . . . = µn−2 = µn−1 > 0. Then by Lemma 2.5, we have
G ∼= Kn.
Case 2. µ1 > µ2 = . . . = µn−2 = µn−1 > 0.
Claim. µ1 = n.
Suppose µ1 < n. Then G has the Laplacian eigenvalues n − µn−1 = n −
µn−2 = . . . = n − µ2 > n − µ1 > 0.
By Lemma 2.4, G ∼= Kn − e. Hence G ∼= K2 ∪ Kcn−2 and G is disconnected,
a contradiction. Consequently, µ1 = n.
Hence G has the Laplacian eigenvalues n − µn−1 = n − µn−2 = . . . = n − µ2 >
n − µ1 = 0. It has 0 two times and G has only two components C1 and C2.
Subcase 2.1. C1 ∼= K1 or C2 ∼= K1.
Without loss of generality, let C1 ∼= K1. Then G = K1 ∪ Kn−1 and G ∼= K1,n−1.
Subcase 2.2. C1 ≇ K1 and C2 ≇ K1. C1 has n1 Laplacian eigenvalues µ
′
1 = . . . =
µ′n1−1 > µ
′
n1 = 0. By Lemma 2.5, then C1
∼= Kn1 . Similarly, C2 ∼= Kn2 . Note
n1 = µ
′
ni−1 = n2, i = 1, 2. Thus G
∼= Kn/2 ∪ Kn/2 and G ∼= Kn/2,n/2.
Conversely, it is easy to see that µ1 > µ2 = . . . = µn−2 = µn−1 > 0 if G ∼= Kn,
G ∼= K1,n−1, or G ∼= Kn/2,n/2. 
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Lemma 2.7 ([26]). Let G be a connected graph with n > 2. Then µ2 = . . . =
µn−1 and µ1 = 1 + ∆ if and only if G ∼= Kn or G ∼= K1,n−1.
3. Bounds of Laplacian spread
Theorem 3.1. For a connected graph G with n vertices and m edges,
LS(G) >
n − 1
n − 2 µ1 −
2m
n − 2 .
Equality holds if and only if G ∼= Kn, G ∼= K1,n−1 or G ∼= Kn/2,n/2.
P r o o f. Let µ1, . . . , µn be the Laplacian eigenvalues of G. Note that 2m =
µ1 + . . . + µn−1 + µn = µ1 + . . . + µn−1. Then
(5) 2m > µ1 + (n − 2)µn−1.
We have µn−1 6 (2m − µ1)/(n − 2). Thus
LS(G) = µ1 − µn−1 > µ1 −
2m − µ1
n − 2 =
n − 1
n − 2 µ1 −
2m
n − 2 .
Equality (5) holds if and only if µ2 = . . . = µn−1, by Lemma 2.6, i.e., G ∼= Kn,








µ2i is equal to the trace of L
2, from which it







(d2u + du) = M1 + 2m.
Theorem 3.2. Let G be a connected graph with n vertices and m edges, then
LS(G) > µ1 −
√
M1(G)+2m−µ21
n−2 . Equality holds if and only if G
∼= Kn, G ∼= K1,n−1
or G ∼= Kn/2,n/2.
P r o o f. Note that














Equality (6) holds if and only if µ2 = . . . = µn−1. By Lemma 2.6, i.e., G ∼= Kn,
G ∼= K1,n−1, or G ∼= Kn/2,n/2. 
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Corollary 3.1. Let G be a connected graph with n vertices, m edges and maxi-







Equality holds if and only if G ∼= Kn or G ∼= K1,n−1.
P r o o f. Let f(x) = x −
√
M1(G)+2m−x2
n−2 . It is easy to verify that f(x) is
an increasing function. By Lemma 2.3 and Theorem 3.2, LS(G) > 1 + ∆ −
√
M1(G)+2m−(1+∆)2
n−2 . By Lemma 2.7, equality holds if and only if G
∼= Kn or
G ∼= K1,n−1. 
The join G = G1 ∨ G2 is obtained from two disjoint graphs G1 and G2 by adding
all edges between vertices of V (G1) and V (G2).
Lemma 3.1 ([9]). If G 6= Kn is a connected graph with n vertices, then
µ1(G)/µn−1(G) > (∆(G) + 1)/δ(G) if and only if G is of the form G = G1 ∨ G2,
where G1 is a disconnected graphs on n − δ(G) vertices and G2 is a graph on δ(G)
vertices that satisfies α(G2) > 2δ(G) − n and ∆(G2) = δ(G) − 1.
Adopting the idea from [9], we have
Theorem 3.3. Let G be a connected non-complete graph with n vertices.
Then LS(G) > ∆ + 1 − δ. The equality holds if and only if µ1(G)/µn−1(G) =
(∆(G) + 1)/δ(G), i.e., G is a connected graph in Lemma 3.1.
P r o o f. Note that µ1 > ∆ + 1 and µn−1 6 δ. Then µ1 − µn−1 > ∆ + 1 − δ.
If µ1 − µn−1 = ∆ + 1 − δ, by Lemma 2.3, then µ1 − (∆ + 1) = µn−1 − δ > 0,
i.e., µn−1 > δ. Thus µn−1 = δ and µ1 = ∆ + 1. We have µ1(G)/µn−1(G) =
(∆(G) + 1)/δ(G).
Conversely, given µ1(G)/µn−1(G) = (∆(G) + 1)/δ(G), let µ1(G) = k(∆(G) + 1)
and µn−1(G) = kδ(G). Since µ1(G) > ∆ + 1 and µn−1(G) 6 δ(G), we have k = 1,
µ1 = ∆ + 1 and µn−1 = δ. Then LS(G) = ∆ + 1 − δ. By Lemma 3.1, the result
follows. 
Remark 3.1. The lower bounds of Theorems 3.1 and 3.3 are not comparable. For
example, for P4, the lower bound of Theorem 3.1 is better than that of Theorem 3.3.
Let T ∗ be a tree obtained from P4 by attaching a pendent vertex to a 2-degree of P4.
The lower bound of Theorem 3.3 is better than that of Theorem 3.1.
Let ā = (a1, . . . , an) and b̄ = (b1, . . . , bn) be two positive n-tuples with 0 < a 6
ai 6 A, 0 < b 6 bi 6 B, 1 6 i 6 n.
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Theorem 3.4. Let G be a connected graph with n vertices and m edges. Then
LS(G) > 2n−1
√






















(n − 1)2(µ1 − µn−1)2.
Then


















(n − 1)(M1 + 2m) − 4m2.

Corollary 3.2. Let G be a connected k-regular graph with n vertices. Then
LS(G) = µ1 − µn−1 > 2(n − 1)−1
√
nk(n − k − 1).
Remark 3.2. Goldberg [9] obtained that for a connected k-regular graph with
n vertices µ1(G)−µn−1(G) > 2
√
k(n − k − 1)n−1 holds. By Corollary 3.2, we correct


















The factor n2 on the right-hand side of the inequality is actually r2.
4. Nordhaus-Gaddum type Laplacian eigenvalues
and Laplacian spread
In [21], Nordhaus and Gaddum obtained bounds for the sum of the chromatic
numbers of a graph and its complement. Let G be the complement of the graph G
and I(G) an invariant of G. Then the relations on I(G) + I(G) are said to be of
Nordhaus-Gaddum-type. In Section 4, we use the Laplacian spread to obtain better
bounds for the Nordhaus-Gaddum type Laplcian eigenvalues.
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Theorem 4.1. Let µ1(G) and µ1(G) be the Laplacian spectral radius of G and
its complement G, respectively. Then LS(G) = µ1(G) + µ1(G) − n.
P r o o f. The Laplacian eigenvalues of a graph G and its complement G satisfy
the relation µi(G) = n − µn−i(G), i = 1, 2, . . . , n − 1. Then LS(G) = µ1(G) −
µn−1(G) = µ1(G) − [n − µ1(G)] = µ1(G) + µ1(G) − n. 
Similarly, we have
Theorem 4.2. Let µn−1(G) and µn−1(G) be algebraic connectivity of G and its
complement G, respectively. Then LS(G) = n − µn−1(G) − µn−1(G).
Lemma 4.1 ([19]). Let G be a graph with n vertices, m edges and maximum
degree ∆. Then ω(G) > 2m/(2m− (µ1 − ∆)2), where ω(G) is the clique number
of G.
Theorem 4.3. Let G be a graph with n vertices, m edges, the minimum degree δ
and maximum degree ∆. Then LS(G) 6
√
(
2 − 1/ω(G) − 1/ω(G)
)
n(n − 1) + ∆ −
δ − 1.






+ ∆(G). By Theorem 4.1,













































+ ∆(G) − δ(G) − 1.




[n(n − 1) − 2m]s. In [13],










2 − 1/ω(G) − 1/ω(G)
)
n(n − 1) + ∆ − δ − 1. 
Recently, some upper bounds for Nordhaus-Gaddum type Laplacian eigenvalues
have been considered. By using the Laplacian spread, we can improve these bounds.
From the well-know inequality µ1 6 2∆, the authors [17] obtained
(7) µ1(G) + µ1(G) 6 2(n − 1) + 2(∆ − δ).
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Theorem 4.4 ([23]). Let G be a graph of order n with 0 < δ(G) 6 ∆ 6 n − 1.
Then
(8) µ1(G) + µ1(G) 6 2
√
2(n − 1)2 − 3δ(n − 1) + (∆ + δ)2∆ + δ.
Moreover, if both G and G are connected then the upper bound is strict.
Theorem 4.5 ([23]). Let G be an irregular graph, then
(9) µ1(G) + µ1(G) < 2n − 2 + 2(∆ − δ) − 4/(2n2 − n).
Recently, Liu et al. [17] proved
Theorem 4.6 ([17]). Let G be a simple graph with n vertices and m edges. Let
δ and ∆ be the minimum degree and the maximum degree of G, respectively. Then
(10) µ1(G) + µ1(G) < n − 2 +
√
(∆ + δ + 1 − n)2 + n2 + 4(∆ − δ)(n − 1).
By Proposition 1.1 and Theorem 4.1, we have
Proposition 4.1. Let G be a graph of order n, then
(11) µ1(G) + µ1(G) = LS(G) + n < 2n.
Remark 4.1. Proposition 4.1 provides an estimate for the upper bound of the
Nordhaus-Gaddum type of Laplacian eigenvalues. It is easy to check that the upper
bound (11) is better than the bound (7) if ∆ 6= δ. The bound (11) is better than
the bound (8). Let G be a irregular graph with ∆ 6= δ + 1, then the bound (11) is
better than the bound (9). And if ∆ 6= δ + 1, then the bound (11) is better than the
bound (10).
By the Laplacian spread of trees, the Nordhaus-Gaddum type of algebraic con-








= µn−1(Pn) 6 µn−1(T ) 6 µn−1(Sn).
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Proposition 4.2. Let G be a tree with order n > 5. Then 1 6 µn−1(T ) +
µn−1(T ) 6 n − 4 cos(π/n). The left equality holds for T ∼= Sn; the right equality
holds for T ∼= Pn.
P r o o f. From [6], Sn and Pn (n > 5) have the maximal Laplacian spread n − 1
and the minimal Laplacian spread 4 cos(π/n), i.e., 4 cos(π/n) 6 LS(T ) 6 n − 1. By
Theorem 4.2, µn−1(T ) + µn−1(T ) = n − LS(T ). Then 1 6 µn−1(T ) + µn−1(T ) 6
n − 4 cos(π/n). 
Theorem 4.7 presents a relation between the Laplacian spread of a tree T and its
independence number.
Lemma 4.2 ([25]). Let T be a tree of order n and α(T ) its independence number.
If T is the complement of T , then µn−1(T ) > n − 2α(T ).
Theorem 4.7. Let T be a tree of order n and α(T ) its independence number.
Then








P r o o f. By Theorem 4.2 and Lemma 4.2,
LS(T ) = n − µn−1(T ) − µn−1(T ) < n − [n − 2α(T )] − µn−1(T )









5. Some operations on graphs and Laplacian spread
Theorem 5.1. Let G be the complement of a graph G. Then LS(G) = LS(G).
P r o o f. Let µ1, . . . , µn−1, 0 be the Laplacian eigenvalues of G. Then
LS(G) = µ1 − µn−1 = n − µn−1 − (n − µ1) = LS(G).

Let G1 × G2 be the Cartesian product of graphs G1 and G2. Then V (G1 ×
G2) = V (G1) × V (G2) and (u1, u2) is adjacent to (v1, v2) if and only if u1 = v1 and
(u2, v2) ∈ E(G2) or u2 = v2 and (u1, v1) ∈ E(G1).
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2, . . . , µ
′
n
and µ′′1 , µ
′′
2 , . . . , µ
′′
n be the Laplacian eigenvalues of G1 and G2, respectively. Then
the Laplacian eigenvalues of G1 × G2 are µ′i + µ′′j , i, j = 1, 2, . . . , n.
Theorem 5.2. Let G1 and G2 be graphs with n vertices. Then LS(G1 × G2) >
LS(G1) + LS(G2). The equality holds if and only if the algebraic connectivity of G1
and G2 is equal to 0, i.e., G1 and G2 are disconnected.
P r o o f. By Lemma 5.1, we have
LS(G1 × G2) = µ′1 + µ′′1 − min{µ′n−1, µ′′n−1} > µ′1 + µ′′1 − µ′n−1 − µ′′n−1
= LS(G1) + LS(G2).
The inequality is strict if µ′n−1 6= 0 or µ′′n−1 6= 0. 
Lemma 5.2 ([4]). Let G be a graph with n vertices. G′ is a graph obtained
fromG by adding a vertex v, where v is adjacent to all vertices of G. Then the largest
Laplacian eigenvalue of G′ is n+1 and the other non-zero Laplacian eigenvalues are
incremented by 1.
Theorem 5.3. Let G be a graph with n vertices and G′ a graph obtained from G
by adding a vertex v, where v is adjacent to all vertices of G. Then LS(G′) > LS(G)
with equality holding if and only if ∆(G) = n − 1.
P r o o f. By Lemma 5.2,
LS(G′) = n + 1 − (µn−1 + 1) = n − µn−1 > µ1 − µn−1 = LS(G).
The equality holds if and only if µ1 = n, i.e., ∆(G) = n − 1. 
Lemma 5.3 ([11]). If T1 is a subtree containing at least two vertices of a tree T ,
then α(T ) 6 α(T1).
Lemma 5.4 ([3]). For e /∈ E(G), the Laplacian eigenvalues of G and G′ = G + e
interlace, i.e., µ1(G
′) > µ1(G) > µ2(G
′) > µ2(G) > . . . > µn(G
′) = µn(G) = 0.
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Theorem 5.4. If T1 is a subtree containing at least two vertices of a tree T , then
LS(T ) > LS(T1).
P r o o f. By Lemmas 5.3 and 5.4, α(T ) 6 α(T1) and µ1(T ) > µ1(T1). Then
LS(T ) > LS(T1). 
Example 5.1. The Laplacian spread of a subgraph is not necessarily less than






6. The Maximum Laplacian spread of connected graphs
By the basic results of [6], [15], [1], [7], [16], [2], the maximum Laplacian spread
of connected c-cyclic (c 6 3) graphs are determined. However, the graphs which
share the maximum Laplacian spread among all connected graphs of order n are still
unknown. Thus, we present the following
Question 6.1. Let G be a connected graph with n vertices. Does LS(G) 6 n− 1
hold, with the equality holding if and only if G has the Laplacian spectral radius n
and algebraic connectivity 1?





) with n vertices
and Laplacian spread n − 1.
P r o o f. Let G1 be a c-cyclic graph with n− 1 vertices and ∆(G1) = n− 2. G is
the graph obtained from G1 by attaching a pendent vertex to an n−2-degree vertex.
Then ∆(G) = n− 1, δ(G) = 1 and G is a c-cyclic graph with n vertices. Then G has
an isolated vertex and ∆(G) = n− 2. Hence µ1(G) = n− 1 and µn−1(G) = 0. Then
LS(G) = LS(G) = n − 1. 





+1, then there is not a connected c-cyclic graph with
n vertices and Laplacian spread n − 1.


























− 1 − n + 1 = n − 3.
Then G is disconnected and µ1(G) 6 n − 2. Hence LS(G) = LS(G) 6 n − 2. 
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